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| Abstract: In this paper, we prove the global well-posedness of the classical solution to the 

■ 2D Cauchy problem of the compressible Navier-Stokes equations with arbitrarily large initial 

data when the shear viscosity p is a positive constant and the bulk viscosity X(p) = p@ with 
/3 > 3. Here the initial density keeps a non- vacuum states p > at far fields and our results 
generalize the ones by Vaigant-Kazhikhov [3T] for the periodic problem and by Jiu-Wang-Xin 
[26] and Huang-Li [18] for the Cauchy problem with vacuum states p = at far fields. It shows 
that the solution will not develop the vacuum states in any finite time provided the initial density 
is uniformly away from vacuum. And the results also hold true when the initial data contains 
vacuum states in a subset of M 2 and the natural compatibility conditions are satisfied. Some 
new weighted estimates are obtained to establish the upper bound of the density. 
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1 Introduction 

We consider the following compressible and isentropic Navier-Stokes equations 
dtp + div(pu) = 0, 

d t (pu) + div(pu ® u) + VP(p) = pAu + V((p + A(p))divu), x <E R 2 , t > 0, 

where p(t,x) > 0, u(t,x) = (ui,U2)(t,x) represent the density and the velocity of the fluid, 
respectively. And x = (x±,X2) G K 2 and t E [0, T] for any fixed T > 0. Here it is assumed that 
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the shear viscosity p > is a positive constant and the bulk viscosity 



Hp) = p 



(1.2) 



with (3 > in general such that the operator 



C p u = fj.Au + V((/i + X(p))divu) 



is strictly elliptic. The pressure function is given by P(p) = Ap" 1 , where 7 > 1 denotes the 
adiabatic exponent and A > is a constant which is normalized to be 1 for simplicity. We 
impose the initial values as 



where p > is a given positive constant. 

In the case that both the shear and bulk viscosities are positive constants, there are a 
large number of literatures on the well-posedness theories of the compressible Navier-Stokes 
equations. In particular, the one-dimensional theory is rather satisfactory, see [161 E21 1211 ES] 
and the references therein. In multi-dimensional case, the local well-posedness theory of classical 
solutions was established in the absence of vacuum (see [37], }2U| and [30]) and the global well- 
posedness theory of classical solutions was obtained for initial data close to a non-vacuum steady 
state (see [3S], [13], [5], [3] and references therein). The local well-posedness of classical solutions 
containing vacuum was studied by Cho-Kim [6] and Luo [33] and the global well-posedness of 
classical solutions to the 3D isentropic compressible Navier-Stokes equations with small energy 
was proved by Huang-Li-Xin |19| . For the large initial data permitting vacuums, the global 
existence of weak solutions was investigated in [31], |llj . |22j . It should be noted that if the 
initial data are arbitrarily large and the vacuums are permitted, the solution will also contain 
possible vacuums and one could not expect the global well-posedness in general, see [43] [39] 
and [35 f° r blow-up results of classical solutions. 

The case that both the shear and bulk viscosities depend on the density has also received a lot 
attention recently, see [U El EJ EDI CD2 EH E2 ESJ EH E3 EDJ [Ml 112 ESI I3S1 E7J and the references 
therein. When deriving by Chapman-Enskog expansions from the Boltzmann equation, the 
viscosity of the compressible Navier-Stokes equations depends on the temperature and thus on 
the density for isentropic flows. Moreover, in geophysical flows, the viscous Saint- Venant system 
for the shallow water corresponds exactly to a kind of compressible Navier-Stokes equations with 
density-dependent viscosities. However, except for the one-dimensional problems, few results are 
available for the multi-dimensional problems and even the short time well-posedness of classical 
solutions in the presence vacuum remains open. 

The system (jl.ip was first proposed and studied by Vaigant-Kazhikhov in [41J . For the 
periodic problem on the torus T 2 and under assumptions that the initial density is uniformly 
away from vacuum and f3 > 3 in (jl.2p . Vaigant-Kazhikhov established the well-posedness of 
the classical solution to (jl.lj) in [41] and the global existence and large time behavior of weak 
solutions was stuided by Perepelitsa in [38]. Recently, Jiu-Wang-Xin [25] improved the result 
in [31] and obtained the global well-posedness of the classical solution to the periodic problem 
with large initial data permitting vacuum. Later on, Huang-Li relaxed the index j3 to be f3 > | 
and studied the large time behavior of the solutions in [T7J. However, all the above results are 
concerned with the 2D periodic problems. For the 2D Cauchy problems with vacuum states at far 
fields, Jiu-Wang-Xin [26] and Huang-Li [18] independently considered the global well-posedness 
of classical solution in different weighted spaces. 



(P, u)(t = 0, x) = (p , uq)(x) ->■ (p, 0) 



as \x\ — > +00 



(1.3) 



3 



In the present paper, we study the global well-posedness of the classical solution to the 
Cauchy problem (|l.ip - (|1.3p with large data which keeps a non-vacuum states p > at far fields. 
In particular, our results show that the solution will not develop the vacuum states in any finite 
time provided the initial density is uniformly away from vacuum. The results of this paper 
generalize the ones by Vaigant-Kazhikhov in [4T] to the Cauchy problem and the index ft is 
relaxed to be ft > |. The results also improve ones by Jiu-Wang-Xin [26] and Huang-Li [18] for 
the Cauchy problem with vacuum states p = at far fields. Moreover, the results hold true if the 
initial data contains vacuum states in a subset of M 2 under appropriate compatibility conditions 
(see (|1.9p in Theorem 1.2). 

To study the global well-posedness of the classical solution of the compressible Navier-Stokes 
equations, it is crucial to obtain the uniformly upper bound of the density. To do that, similar 
to [H], [25] and [26], we first obtain any LP (2 < p < oo) estimates of the density p — p and 
then obtain the estimates of the first order derivative of the velocity. A new transport equation 
(I3.36P is derived by means of the effective viscous flux F = (2/i + A(p))divu — (P(p) — P(p)) and 
two new functions £ and 7] satisfying the elliptic problems 

- A£ = div(pu), -Arj = div[div(/m ® u)], (1.4) 

respectively, which was introduced in |41] , Comparing with the periodic problem and the Cauchy 
problem with vacuum at far fields, new difficulties will be encountered. Since no integrability is 
expected for the density itself, we will decompose the elliptic problem (jl.4j) into the following 
two parts: 

-A£i = div(VMVp- y/p)), (1.5) 
- A£ 2 = yfp div(Vpu). (1-6) 

For the elliptic problem (jl.5p . one can make use of the similar properties as the periodic case and 
the Cauchy problem with vanishing density at the far fields thanks to the expected integrability 
of y/p — y/p. For the second elliptic problem (jl.6p . since it is expected that p G L°° and ^fpu G 
L°°([0,T];L 2 (IR 2 )) by the elementary energy estimate, it follows from (Ol) that V£ 2 G D 1 (R 2 ) 
which is a homogeneous and critical Sobolev space. Therefore, the integrability of £2 can not be 
derived in a direct way. However, the integrability of £2 is crucial to obtain the L p (2 < p < 00) 
estimates of p — p and the upper bound of the density p. In order to circumvent this difficulty, 
some new weighted estimates are needed and the integrability of the velocity and £2 is proved 
by using Cafferelli-Kohn-Nirenberg type inequality [HE]. It should be remarked that these 
weighted estimates are motivated by our previous work [26] and in comparison with the uniform 
constant in [26], the weight power a here depends on the ratio ^2-. At the same time, if p = 0, 
then the weight a is exactly same as the one in our previous work [26]. Moreover, when deriving 
the first-order derivative estimates of the velocity, since L p -integrability (2 < p < 00) is not 
available, it would be required to use the L°°-norm of the density p in a priori way which is 
motivated by the work [38] . In this way, a log-type inequality of the first-order derivative of 
the velocity can be obtained (see Lemma l3.6p . Finally, with help of a higher energy estimate in 
Lemma [321 one can get a upper bound of the density under the restriction ft > 3 (see [T71 118]). 

Denote the potential energy by 

p) = [pi -p>- lfP-\ P - p)] ■ 

7 — 1 

Our main results can be stated as follows. 
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Theorem 1.1 Let ft > | and 1 < 7 < 2/3. Suppose that the initial values (po,uo)(x) satisfy 

0<c<p <C, (po-p, P(p ) - P{P)) G W 2 ^{R 2 ) x VF 2 ' g (M 2 ), «o(x) G # 2 (1R 2 ), 
*(po,p)(l + M") G L 1 ^ 2 ), ^ |x|f G L 2 (K 2 ), 



where q, c, C and a are positive constants satisfying q>2,0<c<C and < a 2 < 



4(^2+Mft-l) 
1 I Mi?) 

M 

respectively. Then, for any T > 0, i/iere exists a unique global classical solution (p,u)(t,x) to 
the Cauchy problem (jl.ip - (jl.3p satisfying 

0<c 1 < p<d 

for some positive constants c\ and C\ . Moreover, one has 

(p - p, P(p) - P(p))(i, x) G C([0, T]; W 2 ^(R 2 )), 

*(p,p)(l + \x\ a ) GC([0,T];L l (R 2 )), Jpu\x\% G C([0, T]; L 2 (R 2 )), 
uG C([0,r];F 2 (l 2 ))nL 2 (0,T;ff 3 (R 2 )), G L°°(0, T; # 3 (M 2 )), 

tu G L°°(0,T;W 3 '«(R 2 )), G L 2 (0, T; F 1 ^ 2 )), 

Vtut G L 2 (0,T;F 2 (M 2 ))nL oo (0,r ; i7 1 (IR 2 )), tu t G L°°(0, T; F 2 (M 2 )), 

vV^t G L 2 (0,T;L 2 (IR 2 )), i^ou^ G L°°(0, T; L 2 (R 2 )), iVu ti G L 2 (0, T; L 2 (R 2 )). 

If the initial values contain vacuum states in a subset of R 2 , then the following results can 
be obtained. 

Theorem 1.2 Suppose that the initial values (pq,uq)(x) satisfy 

Po>0, (p -p,P(p )-P(p))eW 2 ' <1 (R 2 )xW 2 '' i (R 2 ), uq(x) G H 2 (R 2 ), 

*(p ,p)(l + M Q ) G L^IR 2 ), VPO«oN f G l2 ( m2 )- 

TOi/i g, a, 7 and /3 freing t/ie same as in Theorem li.il Suppose that the compatibility conditions 

£p u Q - VP{po) = ^ g(x) (1.9) 

are satisfied for some g G L 2 (R 2 ). Then, for any T > 0, there exists a unique global classical 
solution (p,u)(t,x) to the Cauchy problem (|l.ip - (|1.3p satisfying < p < C2 for some positive 
constant C2 and (|1.7|) in Theorem 



Remark 1.1 If \{p) < 7p, one has — v - ■ > 1. Then one can choose a weight a satisfying 



1- 

4( /n 1 A (p) 

1 < a 2 < — - — xfpo . In this case, the condition 7 < 2/3 in Theorems li.il and \1.2\ can be 

removed and both theorems hold true for any 7 > 1 and /3 > | (see \26§ for more details). 



4 ( / 2 +M£l_i) 

Remark 1.2 If p = 0, then — * — 3^ = 4(v2 — 1). This is exactly same as our previous 

worA; JH2J/ /or i/ie Cauchy problem with the vanishing density at the far fields. 
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The rest of the paper is organized as follows. In Section 2, we present some elementary facts 
which will be used later. In Section 3, we derive a priori estimates which are needed to extend 
the local solution to a global one. The sketch of proof of our main results is given in Section 4. 

Notations. Throughout this paper, positive generic constants are denoted by c and C, which 
are independent of 5, m and t € [0,T], without confusion, and C(-) stands for some generic 
constant(s) depending only on the quantity listed in the parenthesis. For functional spaces, 
L P (R 2 ), 1 < p < oo, denote the usual Lebesgue spaces on R 2 and || • \\ p denotes its L p norm. 



W k ' p (R 2 ) denotes the standard k th order Sobolev space and H k (R 2 ) := W k > 2 (R 2 ). For 1 < p < 
oo, the homogenous Sobolev space D k ' p (R 2 ) is defined by D k ' p (R 2 ) = {u G L\ oc {R 2 )\ ||V fc u|| p < 
+00} with ||n|| Dfe , P := ||V fc n|| p and D k (R 2 ) := D k > 2 {R 2 ). 



2 Preliminaries 

Motivated by |41j . we introduce the following variables. First denote the effective viscous flux 



by 



F = (2/i + A(p))divii — (P(p) 



Pifi)) 



(2.1) 



and the vorticity by 



uj = d Xl u 2 



d X2 ui. 



Also, we define that 




HU X2 + F Xl ). 





ujt + u- Vw + udivu = H Xl — L X2 



Due to the continuity equation (jl.iP p it holds that 



uo t + u ■ Vw + udivu = H Xl — L 



< 




(2.2) 



+(2fi + \(p))[(u lxi ) 2 + 2u lX2 u 2xi + (u 2x2 ) 2 } = (2p + \(p))(H X2 + L Xl ). 
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Furthermore, the system for (H, L) can be derived as 



pH t + pu ■ VH — pHdivu + u X2 ■ VF + pu Xl ■ Vw + p(ujdivu) Xl 
-{ P (2p + Xmn^jY + C^gpJIdivu}^ 
+{(2p + X(p))[(u lxi ) 2 + 2^^ + (naxj 2 ]}^ 
= [(2/i + Kp))(H X2 + L X1 )} X2 + p(H Xl - L X2 ) Xl , 
pL t + • VL — pLdivu + • VF — //u^ • Vo; — p{ujd\vu) X2 
-{p(2p + X(p))[F(^Y + (g^f)']divn} xi 
+{(2p + X(p))[(u lxi ) 2 + 2« la;2 « 2a:i + (u 2x2 ) 2 ]} xi 
= [(2/i + \(p))(H X2 + L X1 )] X1 - p(H Xl - L X2 ) X2 . 

In the following, we will utilize the above systems in different steps. Note that these systems 
are equivalent to each other for the smooth solution to the original system (jl.ip . 

Several elementary Lemmas are needed later. The first one is the various Gagliardo-Nirenberg 
inequalities. 

Lemma 2.1 (1) V/i G VF 1 ' m (]R 2 ) n L r (R 2 ), it holds that 

\\h\\ q <C\\Vh\f m \\h\\l- 9 , 

where 6 = (- — -)(- — ~ + and if m < 2, i/ien q is between r and 2~^> 

9 G [r,S i/r <^,?e [fer] i/r > if m = 2, [r,+oo), i/m > 2, 

i/ien (7 G [r, +oo]. 

^ fi?esf constant for the Gagliardo-Nirenberg inequality) 



V/i G 



fim/Tn^ 



/i G L m+1 (M 2s 



V/i G L 



2/n2- 



,/i G L 



2mm 2 



'} 



to^/j m > 1, it holds that 



2m ^ 7 4m||V/l||2||'u||^ t _^ 1 , 



where 



2^ an,i 



• 1 • 



lis 6 

m + 1\ 5 



2 



i 

2m < Cm* 



27r / Im + L 

with the positive constant C independent of m, and A m is the optimal constant. 
(3) V7i G W 1,m (R 2 ) with 1 < m < 2, £/ien 

| 2m < C(2 - m)-5||V/i|| m , 



where the positive constant C is independent of m. 

Proof: The proof of (1) can be found in [41] while the proof of (2) can be found in [7j. The 
proof of (3) can be found in [12]. 

The following Lemma is the Caffarelli-Kokn-Nirenberg weighted inequalities, which is crucial 
to the weighted estimates in the two-dimensional Cauchy problem. 
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Lemma 2.2 (1) V/i G C£°(R 2 ) ; # ZioWs ifarf 

||M"/i||r <C|||a;| a |V/i|||J |||x|' 3 /i||^ 
w/iere 1 < p, g<cxD,O<r<oo,O<0<l, | + §>0, | + f > 0, f + § > and satisfying 

r 2 p 2 g 2 

and 

k = 0o-+(1- 0)/9, 
wtfi 0<a-cri/6l>OandO<a-cr<li/6l>Oandi + ^ = i + f. 

(Best constant for Caffarelli-Kohn-Nirenberg inequality) 



V/i G C^°(M 2 ), it /ioZds i/iat 



k| b /i|| p < C aj6 |||x| a V/i|| 2 (2.3) 



where a > 0,a — 1 < b < a and p = . If b = a — 1, then p = 2 and the best constant in 
the inequality ()2.3f) is 

C a ,b = C a<a -i = a. 

Proof: The proof of (1) can be found in [1] while the proof of (2) can be found in [5]. 
The following lemma is known and the proof is referred to |26| . 

Lemma 2.3 (1) It holds that for 1 < p < 00 and u G Co°(R 2 ), 

||Vn|| p < C(||div«|| p + IMIp); 
(2) It holds that for 1 < p < 00, -2 < a < 2(p - 1) and u G C^°(R 2 ), 

a a a 

\\\x\p \ Vu\\\p < C(|||x| pdivn||p + |||x| pw|| p ). 



3 A priori estimates 

In this section, we will obtain various a priori estimates and a upper bound of the density. 
Step 1. Elementary energy estimates: 

Lemma 3.1 There exists a positive constant C depending on (pq,uq), such that 

sup (HVH2 + \MP,p)h)+ I (||Vn|| 2 + ||a;|| 2 + ||(2p + A(p))5divn|| 2 )dt<C. 
te[o,T] J 

Proof: Multiplying the equation (ll.ip o by u, the continuity equation ()l.ip i by ;^ryp 7 ~ 1 , then 
summing the resulting equations, and using the continuity equation (jl.ip i . yield that 

I u\ 2 I u\ 2 

[ /) iJ_ + tt(p,p) t + div [pu l -^- + ^(p,p)u + (P(p)-P(p))u] 

Id 2 (3 - 1} 
= div[/A7— + (n + A(p))(divit)n] - /i|Vu| 2 - (// + A(/9))(divn) 2 . 
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Therefore, integrating the above equality over [0, t] x R 2 with respect to t and x and noting that 

J [p\Vu\ 2 + (p + X(p))(divu) 2 ]dx = J [pu? + (2/i + X(p))(divu) 2 ]dx, 

complete the proof of Lemma 13.11 □ 
Step 2. Weighted energy estimates: 

The following weighted energy estimates are fundamental and crucial in our analysis. 



4(,/2+^-l) 

Lemma 3.2 For a > satisfying a < — — ™ and 7 < 2/3, it holds that for sufficiently 

Zarge m > 1 and Vi £ [0, T], 

[p\u\ 2 + {t,x)dx + [ [|||i|tv«||2(s) + |||x|^divu||l(s) + || \x\ t ^ A(p)divtt|||(s)] ds 

Jo 



\x\ al 



<C n 



1+ i\\\p-p\\L 0+ i(s)+mvuf 2 (s)+i)ds 







(3.2) 

where the positive constant C a may depend on a but is independent of m. 
Proof: Multiplying the equality (|3.ip by \x\ a yields that 



[\x\ a {p^- + p))] t + [p\ Vu| 2 + (/, + A(p))(divu) 2 ] |zf 



I 7; I 2 I 7/ I ^ 

= _div[|s| a (pulJ- + \I>(p,p> + (P(p) - P(p))«)] +div[(/iVU- + (m + A(p))(divd)u)M Q ] 

I 1 9 I 1 9 

+ [pu ] -j- + \I>(p, p> + (P(p) - P(p))]« • V(|x| a ) - [ M viJ- + (/i + X(p))(divu)u] ■ V(\x\ a ). 

(3.3) 

Integrating the above equation fj3.3[) with respect to x over R 2 yields that 
d f \u\ 2 

J t J \x\ a [p l -^- + y(p,p)](t,x)dx+ [p|||x|fVn|| 2 + M |||x|fdivn|| 2 + |||x|f yX(p)divn|| 2 ](t) 

|2 



y [puiJ- + (p, p> + (P(p) - P(p))] « • V(|x| a )dx 
r \n\ 2 

- / [pV^- + (/i + A(p))(divu)u] -V(\x\ a )dx. 



(3.4) 

Now we estimate the terms on the right hand side of (|3.4p . First, it holds that 



r id 2 r y 2 

/ p^-n • V(\x\ a )dx\ = \ r-j-{(y/p-y/p) + ^Vpu- V(\x\ a )dx\ 

f\u\ 2 /-Inl 2 
<l y V^)^- V(|x|°)dx| + I y V(|x| a )dx| :=/ n +/i 2 . 



(3.5) 
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Then, it follows that 

1 2 



f \u\ 

hl = \ / — (VP- \ / P)( 1 l{0< P <2p} + l\{ P >2p})y/pu- V(\x\ a )dx\ 



< 



c\\vpu\\ 2 \\(vp-v^)M{ < P <2p}\\pAM a ->\ 2 \\ qi + kvp- ^)ii{p>2p } ii2 7 iikr->riu 



7-1 



< cyi(p-p)i|{o<p<2p}iuiiki 2 u\\i qi + \\t>(p, P )i\ {p>2p} \\r\\\x\ 2 



7-1 



< a\\\x\^Vu\\l + C a [l + || {p - p)l\{o< P <2p}\\il ] ||Vu||i, 

(3.6) 

where and in the sequel a > is a small constant to be determined, C<j is a positive constant 
depending on a. By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in 
Lemma [2T21 (1). the positive constants p\ > 2,qi > 2, #i € (0,1] in the above inequality (j3.8[) 
satisfying 

1 1 _ 1 

Pi Qi 2' 

and 

-i a— 1 1 1 1 — 1 

— + -2- = #l(- + — -) + (1 - 01)(- + J — -) = -(1 - 01). 

2gi 2 u 2 2 y v A 2 2 ; 4 V 7 
The combination of the above two equalities yields that 

n = (") 

with a > 0, 6\ £ (0, 1) and pi > 2. Therefore, it holds that 

ii(p-mi{o<p<2p } iit < cn(p - ^)i| {0 <p<2p}ii? <cm P ,p)i\ {0 < p < 2p} \\fi <c, 



which together with (|3.6|) gives that 

Ai < ff|||x|tVu||| + C CT ||Vu||§. (3.8) 



Then, one can obtain 



OL . .a X_ | |,|2 

Ji2 < -vpIIv^fI 2 IMIfI 2 MIU 

<C||VpuN f ||2||V«|| 2 |||z|fV«||2 ( 3 - 9 ) 



< o-|||x|^Vit||l + C a \\^fpu\x\^\\l\\Vu" 2 



2- 



Then it holds that 

[*(p,p) + (p( P )-p(p))]«-v(N Q )dx| 

= i J [^(p,p) + (p( P )-p(p))](i| {0 < p < 2p - } + i| {p>2p - } ) u -v(|xr) ( i a 

<C|y [|p-p|l| { o< p <2p} + |p-p| 7 l| {p >2p-}]«-V(|xr)dx| 

< C[ll(^ — ^Iko^^s^llslM^I^-^lls -K — ^X^^^II^IH^I"- 1 ^ 
<C[||*(p,p)l| {0 < p < 2 ^ } ||J||Vn|||||V«|x|f HI + ||(/ 9 -p)l| {p > 2p - } ||^ 2 ||V U ||^ 2 |||x|fVn||i- e2 ] 

< <t\\\x\$ Vu\\l + C a [l + \\(p - p)l\ {p> 2- P }\&] (||Vu||| + 1), 

(3.10) 



'12 \ 



10 



By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in Lemma 12.21 (1), the 
positive constants p2 > 1, qi > 1, #2 G (0, 1] in the above inequality f|3. lOj) satisfying 

1 a-1 „ ,1 0-1. , „ w l f-l N a, 

- + -5- = ^2 - + -r- + 1 - 02 - + ^— = - 1 - 02 • 
q2 2 2 2 2 2 4 

The combination of the above three equalities yields that 

4 

2 + q(1 + 2 ) 

with the parameters a > 0, 02 £ (0, 1) and p2 > 1. Note that p2 > 1 is equivalent to the 
condition that 

f(l + 2 )<l. (3.12) 

Then one can compute that 

2 



- J f^2~ ' ^(\ x \ a )dx\ = ^ol\ j u ■ Vu ■ x\x\ a 2 dx\ 

mi i— ii mi i— — 1 ii M^^ni i— ii 2 

< /xa|||a;| 2 Vu||2|||x| 2 u\\ 2 < — — |||x| 2 Vit|| 2 , 



(3.13) 



where in the last inequality one has used the best constant ^ for the Caffarelli-Kohn-Nirenberg 
inequality in Lemma 12.21 (2). Similarly, it holds that 

/i(dfvu)u • V(|x| a )iix| = jjLa\ \ {divu)\x\ a ~ 2 u ■ xdx\ 

L 2 (3 - 14) 

III I— ,. 11 in n UQL ,,, iS 11 in \—T—r || 

< fia\\ \x\ 2 divn||2|||x| 2 u||2 < — — — II \x\ 2 divu||2||p| 2 Vn||2. 
Then it follows that 



X(p){dwu)u ■ V{\x\ a )dx\ =a\ J ^/\(pj(divu) [(y/\(pj - y/Mji)) + VW)] \x\ a ' 2 u • xdx\ 
<a\J v / A(p)(divn)( v / AGo) - ^/\{p))\x\ a ^ 2 u ■ xdx\ + / v / Mp)( di ™)M Q " 2 '" • 

:= J2I + -^22- 

(3.15) 

It holds that 



hi < a\\y/^p)\x\'divu\\ 2 \\y/X{p) - \A(/>)IIp3 IIM * S19 



l»s|IUlfV7.,l|l-«s 



< c|| VAGo)!^! 2di V ^|| 2 [||(^ - ^)i| { o< P < 2j5> || P3 + IKp - ^xi^^^if^] || 1| |^| ^ v-^|| ^- 

2 

< o-[||^A(p)|x|^divu||! + |||a;|f Vit|[|] 

+c<t[||(p - p)i|{o< P <2p}llp3 + Hp - ^) 1 kp>2p}ll J^s] l|Vt*||i. 

(3.16) 

By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in Lemma 12.21 (1), the 
positive constants p^ > 2, q^ > 2, #3 G (0, 1] in the above inequality f|3. 18j) satisfying 

1 1 _ 1 

P3 <73 2' 
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1 

— + 

<?3 



1 



f(l-«3). 



The combination of the above three equalities yields that 

4 



P3 



a0 3 ' 



(3.17) 



with a > 0, 63 £ (0, 1) and p% > 2. Therefore, it holds that 

2 2 1 

\\(p-p)l\{ <p<2p}\\M < C\\(p-p)l\ {0 < p <2- p} \\? < C||*(p,p)l| {0 < p < 2p - } ||? < C, 

which together with (|3.16|) gives that 

hi <a[\\./X{p)\x\^diyu\\l + \\\x\^u\\l] + C a [l + \\(p - p)l\^ >2p} \\^]\\Vu\\l (3.18) 

2 

Meanwhile, it holds that 



I22 < y / X(p)a\\ y / X(p)\x\ 2divu|| 2 |||x| 2 1 u\\ 2 
< " 2 ^^ \\^Mp}\x\^divu\\ 2 \\\x^Vu\\ 2 . 



(3.19) 



Substituting $£8§ and d3T9j) into (JSHD, ([3718]) and (l3TT9|) into (pTL5l) and then substituting the 
resulting (|3"3]) . (l3~T5D and (I3~10t (^T3l) and f^THD into ([331) yield that 

^ / |xr[p^ + ^(p,p)](t,x)dx + J(t)< CT [||yA^|x|fdivn||2 + 4|||x|fVn||2] 

dtJ 2 _2y JL ( 3 - 2 °) 

+ C a [l + \\VPU\^\\1 + II (P - P)l|{p>2p}ll p 1 2 + 7 2 + ||(P " p)l|{p>2p}||S a ](l|Vu||l + 1), 

2 

where 6i € (0, 1], pi {i = 1, 2, 3) are given in (j3.7|) . (|3.1ip and (|3.17p . respectively, and pi,pz > 2 
and P2 > 1 and 



j(t) = Mi 



|x|2V«||i 



//a 



|x| 2"Vii||2|||x| 2"divu||2 + m|||x| 2"divu|| 2 



+ |||x| 2 V / A(p)divu||2(t) 

3 i 
/ 



O" 



(3.21) 



|x| 2 y/ A( / o)divu||2|| |x| 2 \7^|| 2 . 



The corresponding matrix of the above quadratic term (13.21j) is 

„2 



.4 



Mi- T ) 

pa 2 



pa 2 a 2 yj\{p) \ 



V 







1 



/ 



The matrix A is positively definite if and only if all the principal minor determinant of A is 
positive, that is, 

„2 



p(l 



a 



>0, 



2 

/icr 



pa 



> 0, and 



2 

/icr 



//or a 



/' 



O" 



] VW) 



> 0. 
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Therefore, if the weight a satisfies 



4( + _i) 
< c? < [ \ » \ (3.22) 

then the matrix A is positively definite, and then there exists a positive constant C a such that 

J(t)> C~ l \\\x\^Vu\\l{t) + \\\x\% divu\\l{t) + |||a?|f \(p)divu\\l(t) . (3.23) 

Consequently, if the weight a satisfies (|3.22p . then substituting (|3.23p into (|3.20p and choosing 
a suitably small yield that 

j t f \A a [p^ + *(p,p)](t,x)dx + ^C- 1 [|||ar|f V^Hl + |||x|f divitlH + |||x|f V^(p)divu||!(t) 

< c[i + \wpu\x\m + +\\(p - p)i\{p>2p}\\^ + \\(p- mio^iitj (l|V«||| + 1). 

(3.24) 

Now choose m > 1 sufficiently large such that 

2m/3 + 1 > max |p27> 

Then, it holds that 

2 7 2a 2 7 2(l-q 2 )7 2a 2 2 7 (l-a 2 ) 

ll(p-p) 1 l{p>2p}llp2 + 7 2 < IKP-P)%>2p}ll7 +92 \\P-P\\2ml+1 ^ C \\^(P,P)\\1 +62 \\P - PhmT+l ' 



with a 2 £ (0, 1) satisfying 



(3.25) 



a 2 1 - o 2 _ 1 _ 2 + a{l + 6 2 ) 



7 2mj3 + 1 P27 47 
which implies that 

(2 + a(l + # 2 ))(2m/3 + l)-4 7 2 + a(l + 9 2 ) 

a 2 = ; : > , as m — > +00. 

4(2m/5 + l- 7 ) 4 

The following restriction should be imposed to (I3.25P 

2 7 (1 - a 2 
l + 6 2 

which is satisfied provided 



(l + 2 )(£ + £)>l (3.26) 
7 2 

and m 3> 1. Since 7 < 2/3, then ^ > ^, thus one can choose #2 £ (0, 1) such that (1 + 9 2 )^ > 1 
and ^(1 + 2 ) < 1) and thus satisfies the restrictions (|3.26|) and (|3.12|) if m ^> 1. If X(p) < 7/i, 

4(^/2+^-1) „ 4(^2+^-1) 

then — * — ^ > 1. Thus we can choose the weight a > satisfying 1 < a < — * — _ 

In this case, one can choose 9 2 £ (0, 1) satisfying the restrictions (13. 12H and (I3.26|) for any fixed 
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7,/3 > 1, that is, the condition 7 < 2(3 in the Theorem 11.21 can be removed as in Remark 2. 
Then it follows from (pH5j) that 

\\(p-p)l\{ P >2- p} \\i^ <C(\\ P -p\f 2m p +l + l) (3.27) 

with the positive constant C independent of m. 
Similarly, one has 



\\{P- P)M{p>2p}\\^s < IKP-P)l|{p>2p}lll 3 \\P ~ PhL/3+1 



(3.28) 



< ll^(P,P)l|{ P >2p}lli 3 \\p ~ p\\ 2 mp + i 
with with 03 € (0, 1) satisfying 

03 1 — a 3 2 06*3 
T + 2m/3 + 1 ~ p^S ~ "2/3" ' 

which implies that 

a6 3 (2mf3 + 1) - 2/3 a6 3 
«3 = ^ asm^+oo. 

The following restriction should be imposed to (|3.28D 

which is satisfied provided we choose m 3> 1 and 6*3 6 (0, 1) such that 

fed 

Then it follows from (pT28|) that 

|| (p - p)%>2p}ll fa < C(||p - pf 2mj3+1 + 1) (3.29) 
2 

with the positive constant C independent of m. Substituting (|3.27p and (|3.29|) into (|3.24p . then 
integrating the resulting inequality over [0, t] with t 6 [0, T] and using Gronwall inequality yield 
the estimate (13. 2^ in Lemma 13.21 □ 

Step 3. Density estimates: 

Applying the operator div to the momentum equation (jl.iP n. it holds that 

[dw(pu)] t + div[div(pu ® it)] = AF. (3.30) 

Consider the following three elliptic problems on the whole space M?: 

- = div(^pn(Vp - y/p)), (3.31) 

- A£ 2 = v 7 ^ div(^n), (3.32) 

— A77 = div[div(/9ti ® u)], (3.33) 

all with the boundary conditions £i,£2,V as \x\ — > 00. 

By the elliptic estimates and Holder inequality, it holds that 
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Lemma 3.3 (1) |[V£i 1 1 am < Cm\\p — p|| 2mk \\u\\->.m.k, for any k > 1, m > 1; 

fe-i 

||V£ 2 || 2m < Cm ||p-p||2mfe||it|| 2m ifc + Vplklbm , for any k > l,m> 1; 

k — 1 

(3) ||V£ 2 |a;|f || 2 < C|| 1 /pu|a;|f || 2 , /or a satisfying (13T22D .- 

^ Nlhm < Cm [||p-p|| 2m* ||n|| 2 mfc + p||n||| m ], /or any k > l,m> 1; 

fc— i 

where C are positive constants independent ofm,k and r. 

Proof: By the elliptic estimates to the equations ()3.3ip . f|3.32|) . respectively, and then using the 
Holder inequality, one has for any k > l,m > 1, 

||V£i|| 2m < Cm\\yfpu(y/p - \/p)|| 2m = Cm||u(p-p)-^^|| 2m 

< Cm||p- p|| 2mk || — ^ 7= l|oo[|itl| 2 TOfe < Cm||p- p\\ 2mk \\u\\2mk, 

and 

||V£ 2 || 2m < Cm||^/pn|| 2m < Cm[\\(y/p- y/p)u\\ 2m + v^lMbm] 

< Cm[\\^p - ^/p||2mfe ||n|| 2m fc + V^ll^lbm] < Cm[||p - p||2mfc \\u\\ 2 mk + V^IMkml- 

k—1 k—1 

Thus the proofs of (1) and (2) are completed. 

By the similar proof as in Lemma 2.3 (2) in [26], the statements (3) can be proved. 

Now we prove (4) . By the elliptic estimates to the equation (|3.33p and then using the Holder 
inequality, one has for any k > l,m > 1, 

Wnhm < Cm||p|n| 2 || 2m = Cm [|| (p - p)M 2 || 2m + p|||u| 2 || 2m ] 
< Cm[\\p- p\\2rnk \\u\\l mk + p\\u\\l m ]. 

k — 1 

Thus Lemma 13.31 is proved. □ 
Based on Lemmas I2.1H2.3I and Lemma 13. '6\ it holds that 

Lemma 3.4 (1) ||£i|| 2 m < CmA ||p — p|| 2m , for any m > 2; 



(2) 


1 Ct A 

?9 9™ < Cms ^/pn \x \2 \\^ a . for anv m + 1 > — and a satisfvina (|3.22D 


(3) 


\\u | 2m < Cml [ |Vu | 2 + l] 


for 


any m > 1; 


(4) 


V(i 2m < Cmhkh^p - p 


2mk ( 
fc-1 


\Vu 2 + 1), for any k > 1, m > 1; 


(5) 


|V£ 2 || 2m < Cmf \kh\p - p 


| 2mk 
k-1 


+ l] ( Vn 2 + 1), for any k > l,m > 1; 


(6) 


M 2m < Cm 2 [fe||p — p 2mfc 
L fc-1 


+ 1] 


( Vti 2 + l) , /or any /c > 1, m > 1; 



where C are positive constants independent ofm,k. 
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Proof: (1) By Lemma [2T2l it holds that 

||£l||2m < Cm * || Vfl || Jrn_ < Cm^\\^pu\\ 2 \\y/p - y/phm < Cm*\\ P P\\ 2 m i 

m+1 

where in the last inequality one has used the elementary energy estimates. 

(2). If m + 1 > — , then by interpolation inequality, Caffarelli-Kohn-Nirenberg inequality and 
Lemma |3, 31 (2). it holds that 

II6IU+1 < ll&llLllfclli-* < cu 2 \\i m \\\x\^i 2 \\\- e < cu 2 \\L\\\*\*Vp«\\2- 6 ( 3 - 34 ) 

a. 

where 

1 _ a 
n _ m+1 4 

_1 a 

2m 4 

Then it follows from Lemma |2. II (2) and (|3.34[) that 

nullum < cm^&\\r^u 2 \\t+t < ^ii^iil"^iie2ii 2 i + ^ )9 iiki^^ii 2 |+ ^ )(1 " e) 

<Cmi||e2||i + ^ )e |||x|f^ll 2 l+ ^ )(1 " e) 5 



which implies Lemma 13.41 (2) immediately. 
Now we prove (3). First, 



p I \u\ 2 dx = J {p — p)\u\ 2 dx + J p\u\ 2 dx 

(P~ P)( 1 l{o< P <2p} + M{ P >2p})\u\ 2 dx + / p\u\ 2 dx 



< \\(P - P) 1 l{0<p<2p}l|2||^|| 4 + ll(P - P)l|{p>2p}ll 7 ll' U ll^ + C 

7-1 

< ||*(p,p)||!iM|2||v«||2 + ||*(p,p)||?lHir^llv«||| + c 



< a\\u\\\ + Co-HVttlll + C. 

Choosing a = % in the above inequality yields that 

IMl!<C r (||Vu||! + l). (3.35) 
By Lemma 12.11 and the interpolation inequality, it holds that 

IMIam < C^I|V«||I~^||«||i+f" ^ Cm3||Vu||f~^(||u||^||ti||^)5 + ^, 
thus one has 

i -L i 

\\u\\ 2 m < Cma ||Vn|| 2 m ||n||f < Cm^ (\\\7u\\ 2 + 1), 

where in the last inequality we have used (|3.35p . The statement (3) is proved. 

The assertions (3), (4) and (5) in Lemma 13.41 are the direct consequences of Lemma 13.41 (2) 
and Lemma 13.31 (1). (2), (4), respectively. Thus the proof of Lemma 13.41 is completed. □ 

Substituting (l33Tj) . ([332]) and ([333]) into (f3T30]) yields that 

-Mtiit + ht + V + F) =0, 



16 



which implies that 

Zit + t2t + V + F = fl- 
it follows from the definition (|2.1|) of the effective viscous flux F that 

£it + 6t + (2/x + A(p))divu - (P(p) - P(p)) + i] = 0. 

Then the continuity equation (jl.ip i yields that 

£u + 6* - 2// + A(p) (pt + « • v P ) - (P( P ) - p(p)) + v = o. 
p 

Define 

Jp s p (3 

Then we obtain a new transport equation 

(A(p) - 6 - 6)t + « • V(A(p) - 6 - 6) + (p(p) - p(p)) + u • V(Ci + 6) - V = 0, (3.36) 
which is crucial in the following Lemma for the higher integrability of the density function. 
Lemma 3.5 For any k > 2 and (3 > 1, it holds that 

sup \\(p-p)(t,-)\\ k <Ck^. (3.37) 

te[o,T] 

Proof: Multiplying the equation (13. 36ft by p[(A(p) — £i — ^2)+] 2m_1 with m being sufficiently 
large integer, here and in what follows, the notation (•••)+ denotes the positive part of (•••), 
one can get that 



~ J p[(A(p) - 6 - 6) + ] 2m ^ + 1 p(P( P ) - P(p))i\ {p>2 - p} [(k( P ) - 6 - 6) 

p(p(p) - p(p-))i| {0 <p< 2 p}[(A(p) - ei - 6)+] 2m - 1 ^ 



+ 1 PV [(A(p) - a - 6) + ] 2m ~ 1 ^ - y p« . v(a + e 2 )[(A( P ) - 6 - e 2 )+] 2m - 1 ^. 



(3.38) 



Denote 



/(*) = { | P [(A(p)-6-6) + ] 2m ^}^, te[o,T]. 

Now we estimate the three terms on the right hand side of (j3.38p . First, it holds that 

I J p(p(p)-p(p))i| {0 < p < 2p - } [(A( P )-ei-6) + ] 2m ^^i 

< f(tf m ^( J P\P(P) - P(p)\ 2m l\ {0 < P <2 P} dx)^ (3-39) 

\2m— — \-i I II s~ f~i ¥ ?-i\2m—l 



< cf(ty m -'\\( P -p)i\ mp < m \\ 2 < c/(ty 
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Then, it follows that 

f 1 „ 2m- 1 

p V [(A(p) - a - 6)+] 2m " 1 ^l < y h| [p(A(p) - - 6)+ m ] 

1 2m-l 

[ (/0 _p) + p] 2m | r? |[ p (A( p )_ 6 _ 6) ^] 2m 



< C 

< c 



\\p -P\\%#+i hhm+i + Wvhm \\p(Hp) - a-6)rili 2m 

JL 1 (3.40) 

Hp - P\\iZp+i(™ + ^) 2 NIp - p\\ 2(m+2 W) fcl + 1) 



+m 2 {k 2 \\p - p\\^ + 1)1 (||Vu||! + l)/^) 2 " 1 " 1 
fe 2 -i J 

< Cm 2 [||p - + 1] (||V«||1 + l)f(t) 2m -\ 

where in the last inequality we have taken k\ = -^-^ and k 2 = 2mtjtX)+i • 

Next, for 2m * +1 + ^- + ^- = land^ + i = l with p;, % > 1, (i = 1, 2), one has 

I - J ru ■ v(a + 6)[(a(p) - a - t2) + ? m - l dx\ 



2m— 1 



Hp - pII w+i hlbmp! I|V(6 + 6)|| 2 m ?1 + IM| 2mp2 ||v(6 + £ 2 )|| 2m92 J /(i) 2m_1 4 



< / [(p-P) + p]^|n||v(6 + e 2 )i[p(A(p)-ei-e 2 )+ m ]~^ 

< c 

< - (mpi)g(mgi)S (fef ||p - p|| 2mglfcl + 1) 

+ {mp 2 ) 1 2{mq 2 )i (k 2 \\p - p\\ ^M + l)l (||Vu||l + l)/(t) 

k 2 -i 

< Cm 2 [||p - p\\^f +l + 1] (|| Vu||i + I) f(t) 



2m- 1 



where in the last inequality one has chosen pi = > <Zi = ^ +1 4m^ +1 ^ > ^i = /5~r an d 

_ _2/L _ _2/l — (/3+l)(2m/3+l) 
^2 — /3-l'^2 — ,9+1 1«2 — 2m/3 (/3-l)+ (/3+1) ' 



Substituting ([339]) . (IO0]l and (15H|) into (pT38l) yields that 

2^l (/2m(t)) + / p(jP(p) " p (p))%>2 P - } [(A(p) - & " € 

<Cm 2 [||p-p-||^ 1 + l](||Vn||l + l)/(t) 



2 ;+j 2m - 1 dx 



\2m-l 



Then it holds that 

~/(t) < Cm 2 [||p - pf 2 +f +1 + 1] (|| Vn|| 2 + 1) . 

Integrating the above inequality over [0, t] gives that 

■■I 



/(*) < /(0) + Cm 2 J [\\p - p\\l^ +1 + 1] (|| V«||l + l)dr. (3.42) 
Now we calculate the quantity 

/(0) = ( f p [(A(po) - £io - &o)+] 2m dx] 
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By Lemma 13.31 (1), (2) and Lemma 13.41 (1), (2) with t = 0, we can easily get 

||eio + £2olk<» < c. 

Furthermore, by the definition of A(po) = 2/iln ^ + ^((po) 13 — p^), we have 

MPo) ~ £io - 6o ->■ -oo, as po -)• + . 
Thus there exists a positive constant o"o, such that if < po < do, then 

(A(po) - fro - 6o)+ = 0. 

Now one has 



/(0) 



+ / )po(A(po)-6o-6o)l m ^ 

[0<p <^o] J[^o<Po<M] 



1 

2m 



Po(A(/oo) - 6o - 6o)+ m rfx 



i 

2m 



(3.43) 



'[cto<Po<M] 

< C(cr ,M) \\(p - p)l CTO < po < A ./||2 m + ||ClO +6o||2m 



where the positive constant C{(Tq,M) is independent of m and the lower bound of the density. 
It follows from (|3Ti2l and ([3^3]) that for t G [0, T], 



f(t)<Cm 2 1+ / (||p-p||^ 1 + l)(||V«||| + l)dr 



(3.44) 



For any t £ [0,7], set fii(i) = {x G M 2 |p(t,x) > 2p} and J2 2 (*) = {x £ fli(t)|(A(p) - fr - 
%2)(t,x) > 0}. Then one has on Qi(t), \p — p\@ < C(3\A(p)\ for some constant C > 0, and on 
STii(t) \ 2 (i), < A(p) < + 6- Thus it holds that 



IIP " = ( / IP - Pl W+1 ^ + / \P - P\ 2mni dx) * 

< C /" | p _ p\2m{3+l dx + ^m/3-1 /" | p _ jj| 3dx 

Wfii(t) JR 2 \^i(t) 



< 



2m,fl + l 



2m^ + l 



+ c< c 



|/3A(p)|^^ OT +C 



<C( / A( P y m A(p)?dx 



2m I \ 2m/3 + l 



+ C<C( P A(p) 2m dx) 
v 7ni(t) 



c( / p\A( P ) - 6 - 6 + (£i + &)l 2m ^ + / 

y Jn 2 (t) Jni 



< C 



'o 2 (t) Jni(t)\n 2 (t) 

p(Mp) - 6 - 6) 2m ^ + / P |6 + 6l 2m ^ + 

n 2 (t) ^n 2 (t) 



p|A(p)| 2m dx) 2m,3+1 +C 



p\Zi+&\ 2m dx 



< c ( /(t) 2m + / Ha + 6l 2m ^) 2m " +1 + c 

V iR 2 . J 



< c 



/(*)+ / pKirds 



<3 

2mi \ 2m/3+l 



+ 



2m. 2m/3 + l 



/>ie 2 r m dx 



3 



n 1 (t)\n 3 (i) 



+ 1 



2m/3 + l 



(3.45) 



Note that 



( I pU 2m dx) 2mP+1 <C( [ \p-mi\ 2m dx) 2mP+1 +C( [ \^\ 2m dx 

V JR2 ' V 7R2 / Wr2 



2m i\ 2m/3 + l 



(3.46) 
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Ku<c\\p-p\\^Min2%l\=c\\p-p\\^U' n ™ 



2mfi 

1 . 1 



< \\p - Pll£3£ [c(m + t )Hp - p\\ 2m+ 1 



2m/3+lll?lll 2m +l 

2m/3 + l 
2m,3 



< Cms ||p - p|| |^+\ \\{ P - p)i| {0 < p < 2p - } || 2 



2m0+l 

27m/3(/3-l) 



(3.47) 



2m/3(2m)3-7fi + l) 

- p)i| {p>2 p } ||f^™^ ||p _ 



l2m/3+l 



and 



< Cm2 [||p - p|| 2m/3+ i + i] , 

< (Cm^\\p- p\\ 2m 



2m0 



||^ || 2mWl 



K 12 = \m\\2m 
Furthermore, it holds that 



2m/3 
2m/3 + l 



< Cm2 [||p-p|| 2m/3+ i + 1] 



(3.48) 



(7 pU 2m dxY J " +1 <C( I \p-p\\^dxY Jf,+1 +c( [ \£ 2 \ 2m dx 

2mfi 2mf3 



< cWp-pW^MS^ +c||6ll 2 r +1 

2 2m0 

a „ (m+j^-Ja 2»n^ + l 



<Cm^||p-p||™||^u|x|^ 



2m(9+l 



2 2m|i 



(3.49) 



+ Cm2 ||y^Ou|X| - ||2 



ma 2m,6 + l 



< C[||^/pu|x| 2 ||| +7712 ||p- p|| 2m/3+1 + 7772 ]. 

Substituting and (|3^6|) . (^4TD . (f3T48l) and (^491 into (f3~4"5|) yields that 



IIP " P\\Lf)+iV) <C[m l 2+ f(t) + m$\\p - Ph m p+i{t) + ||v^"N s lli(t) 

<\\\p- P\\Lp+i$) + c[f{t) + m^T) + ||v^N^lll(t) 

Thus it follows from (I3.44p , (]3.50p and the weighted estimates in Lemma 13.21 that 
WP-PWLp+M < C\f{t)+m^ + \\y/pu\x\$\\l(t) 

< c 



(3.50) 



m 2 + m 2 / ||p-p|| 2 ;- 1 (||v«n| + i)dr+ / Hp-piiL^idlvuiii + i)^ 



Applying Gronwall's inequality to the above inequality yields that 



\\p-p\\Lp + i(t)<Cm 2 



1 + 



Hp-pI&iI 



\Vu\\ 2 2 (r) + l)dr 



Denote 



y(t) = 777 ^-i||p-p|| 2m/3+1 (i). 



Then it holds that 



yP{t)<C 1+ / y{r) 1+ M\Vu\\ 2 2 {T)dT 



< c 






Jo 



(/(T) + l)||V«||i(r)d7 



So applying the Gronwall's inequality to the above inequality yields that 

y(t)<C, Vie[0,T], 
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that is, for sufficiently large m > 1, 

\\p - Ph m p+i{t) < Cm A, Vie[0,T]. 

Equivalently, (|3.37p holds for sufficiently large k. Now by the elementary energy estimate Lemma 
EH if 7 > 2, then 

\\p-pHt)<C\\*(p,p)\\f<C, (3.51) 

and if 1 < 7 < 2, then 

||(p-p)l| {0 < p < 2 ^ } || 2 (t)<C||^(p,p)l| {0 < p < 2p - } ||! <C, (3.52) 

and 

IKp- p3i|{ P >2p}I| 7 W < c||*( P ,p)i| {p>2p - } ||7 < a 

Therefore, for 1 < 7 < 2, it holds that 

II (P " P)l|{p>2p}l| 2 (i) < ||(P - P)%> 2 p}|i;i|p - < C, (3.53) 

where k is sufficiently large such that (|3.37p holds and 9 6 (0, 1) satisfying ^ = - + i?^. Thus 
by (|33TJ) . ([332]) and ([3231), it holds that for any 7 > 1 and i G [0, T], 

||p-p|| 2 (*)<C. 

Thus Lemma 13.51 is proved for any k > 2. □ 
Step 4: First-order derivative estimates of the velocity. 
Set 

?2 



z2(t> - 1^ + ^rm^ 

^(t) = [ p(H 2 + L 2 )dx = [ p\ii\ 2 dx 



and 

$T = SUp ||p(-,t)||oo + 1- 

te[o,T] 

The following Lemma is motivated by [38]. 

Lemma 3.6 For any e > 0, there exists a positive constant C £ , such that 



sup log(e + Z 2 (t)) + / *® dt < C e $ 
te[o,T] Jo e + z-(t) 



l+e/3 



Proof: Multiplying the equation (|2.2p i by poj, the equation (|2.2p 2 by 2l i+\(p) > respectively, and 
then summing the resulted equations together, one has 

-— [ (uuj 2 H --—r)dx + — [ cu 2 divudx [ pF 2 ( — — Ydivudx 

2dtJ^ 2p + \{p)> 2 J 2 J H y 2p + \{p)> 

-\ J F 2 2 p + l{p) dX ~ I pF{A ™ U){ P 2t+\{l) ] ' dX + / F i( u ^) 2 + 2u ^ u ^ + ( u ^) 2 }dx 
= - j p(H 2 + L 2 )dx. 

(3.54) 
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Notice that 



(Ulxt f + 2UI X2 U 2X1 + (u 2 



■>:■> . 



(u lxi + u 2x2 ) 2 + 2(iti X2 U 2xi U\ xl U 2x2 ) 



(divu) 2 + 2(ui X2 u 2xi - ui Xl u 2x2 ) 



(divu) 



(■ 



P(p)-P(p)\ 

— — ; w N + 2{ui X2 u 2xi - ui Xl u 2x2 ), 



then one has 



+ 



- / uj 2 diwudx + - I F 2 (divu) p( 



F 2 
2p + A(p) 



■)dx + J p(H 2 + L 2 )dx 
l , r , 1 



-)' 



l 



+ / F(divu) p( 



P{p)- P{p)., Pip) -Pip) 



2p + Xip)' 2p + Xip) 



dx 



(3.55) 



2p + Xip) 



2p + Xip) 



dx 



2Fim X2 u 2xi - m Xl u 2x2 )dx. 



Then 



||Vu|| 2 + ||cj|| 2 + ||divu|| 2 + ||(2/i + A(p))2divu|| 2 
\Pip) - Pip)\ 2 



< C 



zit) + 



2p + Xip) 



-dx 



< C(Z(t) + l). 



(3.56) 



Now we estimate the four terms on the right hand side of (|3.55[) . First, by the interpolation 
inequality, Lemma 12.11 and (|3.56|) , it holds that 



u 2 divudx\ < C||div«|| 2 ||w||4 < C(Z(t) + l)||w|| 2 ||Vw|| 2 
< C(Z(t) + l)||w|| 2 ||pu|| 2 < C(Z(t) + l)||p||iH| 2 ||v^|| 2 



(3.57) 



2- 



Next, one has 



|- I 



1 



1 



<C \F\ 



2p + Xip)' 2p + Xip) 
2 |divu| F 2 



dx\ 



2p + Xip) 



dx < ||divu||s 



'2/i + A(p) 



while for any e > suitably small, 

F 2 F 



2u + A(p) 



< 



l^ll^ll 1 ^) 



<C|| 
<C|| 



V2^+A(p) 
72? + A(p) 



\/2M + A(p) 

f 2 - e (\\F\\f*\\VF\\f*) 1+E 



(3.58) 



1 1-6 



MII|VF|| 2 < C\\ 



l+<3e 



V2^+A(^) 



00 



'llv^lk 



Then it holds that 



22 



On the other hand, it holds that 



2p + \{p) ' 2p + X{p) 



dx\ 



2fi + A(p) 

< Cl|divn[| 2 [||F|| 2(2+E) \\P(p) - P(p)\\ 2+e + 



< C||divn|| 2 

< C||divn|| 2 



V 2 /" + Mp) 



1 2+e II „ll 2 ( 2 + e ) ||V7 Z?|| 2 + e i 

2 P t» II V ^ I 2 + 



F 



/3s 



oo 



2 2+e iipii» 2(2+£) iiv^iir + 



V 2 /" + Hp) 

F 



(3.60) 



^all^ll^ + Cllpll^^lldiv^ll 1 



2+e 
H 
2 



2 



V 2 /" + Hp) 



1+£ +C||div«|| 2 | 



V 2 ^ + Hp) 



< °\\vpm + c„(i + iip||oc) 1+ ^(iidiv«ni + 1) 



+1). 



V 2 p + Hp) 

Then due to [38J, it holds that 

| - J 2F(u 1X2 u 2xi ~ ui xl U2 X2 )dx\ = | - J 2FVui • V ± u 2 dx\ 

< C||F||BMo||Vm • V L u 2 \\ n i < C||VF|| 2 ||V U ||2 < C||p||i||Vp«l|2||Vu||l 

< v\\Vpu\\ 2 2 + C<r\\p\\oo\\Vu\\i < a\\^ii\\ 2 2 + CJpWooWVuf^l + Z 2 (t) . 

In summary, substituting (|3.57j) . (|3.59p . (13.60P and (I3.61|) into f|3.55 jl . one can arrive at 

j t Z 2 (t) + v? 2 (t) < C^ £ {\ + ||Vn||2)(l + Z 2 {t)) 



(3.61) 



Multiplying the above inequality by 



?+Z 2 (t) 



and then integrating over [0, T] give the proof of 



Lemma [ 

Step 5: Upper and lower bound of the density: 



□ 



The following Lemma comes from |17| 118] . With the following Lemma, the index /3 can be 
improved to j3 > | as in [TTJ [18] . 

Lemma 3.7 There exists a positive constant C, such that 

sup / p\u\ 2+u alx < C, 

t£[0,T] J 



where v 



2(/x+l) T 



<V e(o, i]. 



Proof: Multiplying the momentum equation (jl.iP o by (2 + z^)n|ii| !y and integrating over M 2 
with respect to x lead to 



j t J p\u\ 2+u dx + p(2 + v) J \Vu\ 2 \u\ u dx+ {2 + u) J (p + X(p))(divu) 2 \u\ u dx 
= {2 + v) J (P(p) - P(p))div(u\u\ v )dx - p{2 + v) J V^j- • V\u\ u dx 
-(2 + u) / (p + A(p))(divit)it • V\u\ v dx. 
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Now we only estimate the first term on the right hand side of the above equality, since the other 
terms can be done similarly as in |18| . Then it holds that 

(2 + i/) | j{P{p) - P(p))div(u\u\ u )dx\ < (2 + z/)(l + u) j \P{p) - P{p)\ \Vu\ \u\ u dx 
<a(2 + v) j \Vu\ 2 \u\ v dx + C a {2 + v){l + v) 2 j \P(p) - P{p)\ 2 \u\ u dx 
< a(2 + u) J \Vu\ 2 \u\ u dx + C a (2 + v){l + ^) 2 ||P(p) - P(, 
<cr(2 + y) j \Vu\ 2 \u\ v dx + C a {2 + v)(l + v) 2 (\\Vu\\l + l 



2gi IMI^v 



where 91,92 > 1 satisfying ^- + ^ = 1. Thus Lemma [3T71 is proved. □ 
Now one can obtain the upper and lower bound of the density by using the transport equation 
(1336]) . 

Lemma 3.8 There exists positive constants C\ and c\ such that 

ci < p(t, x) < Ci, V(t, x) e [0, T] x R 2 . 

Proof: First, for any p > 2 and q > 1 satisfying 



1 



£> 2 + z; 



+ 



it holds that 



pu\\ p < \\pu\\% +v \\pu\\ g P <C[ \\p 2 +vu\\2 + v\\p\\oo 



<C\\ P 



2 I 2(l+i/) 



2+,y \ P 



P °o|N 



p" r p(2+ 1 /) 



g*(||Vu|| 2 + l) 



where in the last inequality one has used Lemma 13.41 (3). It can be computed that 



? = (l + -)(p-2) < C p *|. 



Therefore, one has 



|pit|| p < C||p|| 



__2 £(l-2-| 



T 



\Vu\L p + 1) < C<$> 



i+S, 



|Vu| 



+ 1). 



Note that by the definition of & (z = 1, 2) from (13311) and (|3~32j) 

w • V(£i + £ 2 ) - V = [u, RiRj](pu), 



(3.62) 



(3.63) 



where [•,•] is the usual commutator and Ri,Rj are the Riesz operators. Thus from f)3.36f) . it 
holds that 

D t A(p) - A(6 + 6) + (P(p) - P{p)) + [u, RiRj](pu) = 0, (3.64) 

where the material derivative Dt := dt + u ■ V. Along the particle path X(r;t, x) through the 
point (t, x) G [0, T] x R 2 defined by 



dX(r; t, x) 



dr 

X(T;t,x)\ T=t = x, 
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from the equation (|3.64p . there holds the following ODE 

|l(A(p) -6 -6)(r,X(r;t,x)) + (P(p) - P(p))l| {p>2p - } (r,X(r;t,x)) 
= -((P(p) - P(p))l\{o< P <2p} + [u,RiRj](pu))(T,X(T;t,x)), 

and thus 

^-(A(p) -6 -6)(r,X(r;t,x)) < - ((P(p) - P(p))l| {0 < p < 2p - } + [«, PiPyKH) (r, X(r; t, x)). 
Integrating the above inequality over [0, t] yields that 

2pln-^- + - pJ(X )) - (& + &)(*, s) - (6o + 6o)(X )) 

<c + / || KP^-Kpu) Hoods, 



with Xo = X(r; i, x)| T= o- 

Then for any sufficiently large p > 4, by the commutator estimates for (|3.63p and (|3.62p . it 
holds that 

Wi^RiRjKpu)^ < c||KP i p J ](p U )||i"l|v(KP i p J ]( pu ))||^ 

p+4 

1- 



< c 



MIbmoIIHI? 



||Vu|| 4 ||HIi 



<C||Vu|| 2 p \\Vu\\l\\pu\\ p <C^^* ||Vu|| 2 *+l )\\Vu\\ 2 P ||V«|| 4 P , 



while 



||Vn|| 4 < C(||divn|| 4 + ||a;||4) < C(\\ F + , f (p)) || 4 + ||p||l| 



<C(|| 
<C(|| 



P- 



? + l+llp||Jb 



V2P + MP) 

" 2 2 IIpIIoo 4 



2/i + A(p) 

iwiiiiivpuiii) 

P 



wlllllv^ll!) 



<c{\\ P \u +i) 



P 



V 2 ^ + W) 



2\\Vfm\\2+l + \\p\\&\\u\\Z\\^\\i 



L V 2 /" + Kp) 

/ <p 2 (f) 



IIVHII + IMI!llv^ll! + 1 



where in the fourth inequality one has used the fact f|3.58j) . Then it holds that 
H^P^lMHoo^Cdlplloo 4 p +l)(e+||Vn||2) 1 "F 



<p 2 (t) 



< C 



+ l)+cr(||p|| 



L li "4 i " p J p-1 , ^ 



e + Z 2 (t) 
+ l)(e+||Vu||l). 



Thus it holds that for any e > 0, one can choose sufficiently large p > 2 such that 



Jo 



[^RiRjjipu^i^dt < C$ T 



(3.66) 
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By Lemma 13.41 it holds that for suitably large but fixed m > 1, 

i r a — 

||6 + 6l|2m < Cm2 \\p - p\\ 2 m + \\y/pu\x\ 2 || 2 m 

Then 



<C„ 



2 



||V(6 + 6)I|2 < c\\ P u\\ 2 < c\\ P \\UVP u h < c\\ P \\l, 

and then 

log*(e+||V(fi +&)||2m) < C log3(e+|Hl2m) < C m log* ( e + || Vu\\ 2 ) < C$ 
Therefore, it holds that 

116 + &||oo < c(||6 + 6l| 2m + ||V(6 + 6)l| 2 )log5(e + ||V(6 + 6)|| 2m ) < . (3.67) 

Finally, substituting (f3U6]) and (13371) into (^651) . it holds that 

¥ T < C$y + * +£ + C. 

Therefore, if /3 > | and choose e suitably small, then 

sup ||p||oo(t) < Ci, (3.68) 
te[o,T] 

for some positive constant C\. Again by (|3.65p . (|3.66p . (|3.67|) and (|3.68|) . it holds that 

sup || h\p(t, -)||oo < C, 
te[o,T] 

which implies that there exists some positive constant c\ such that 

p(t, x)>a> 0, V(t, x) G [0, T] x E 2 . 
Thus the proof of Lemma 13.81 is completed. □ 

4 Proof of main results 

In this section, we give a sketch of proof of our main results. 
Proof of Theorem ll.lt 

Under the assumptions of the theorem, the local existence of the classical solution can be 
proved in a similar way as in |341I42| and we omit it for simplicity. In view of the lower and upper 
bound of the density obtained in Section 3, the compressible Navier-Stokes equations (jl.ip are 
a hyperbolic-parabolic coupled system. One can get the higher order a priori estimates. Using 
these a priori estimates, one can extend the local solution to the global one in a standard way(see 
\25\ 126] for more details). The proof of Theorem II .11 is complete. 

Proof of Theorem fpl 

To use Theorem 11.14 we fi rs t construct the approximation of the initial data in (jl.8p as 
follows. Since lim po(x) = p > 0, there exists a large number M > such that if |x| > M, 

\x\—>+oo 
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Po(x) > f • Then for any < 5 < fi, we define 



Po(^) + ^ if M < Af) 

p (x) + 5s(x), if M < \x\ < M + l, 

p Q (x), if \x\ > M + 1, 



(4.1) 



where s(x) = ) is a smooth and decreasing function satisfying s(x) = 1 if \x\ < M and 
s(x) = 0if|x|>M + l. Similarly, one can construct the approximation of the initial pressure 
denoted by P${x). Then it follows that (pq, Pq )(x) are regular functions satisfying Pq(x) > 
5,P§(x) > P(5) for any xeM 2 and (p s ,P$)(x) = (p ,P )(x) if |x| > M + 1. Moreover, one has 



(p s - p, P 5 - P(p)) -> (po - P, P(po) - P{P)) m V^(IR 2 ) x W 2 >«( 



and 



*(pg,p)(l + \x\ a ) -> *(po,p)(l + |x| a ) in L 1 ^ 2 ), 
as (5 0. To construct the approximation of the initial velocity, we define Uq as 



4 



4, 



\x\ < M + 1, 
Id > M + 1, 



(4.2) 



where Uq is the unique solution to the following elliptic problem 

C p Bui = VP 5 + ^g, in Q M := {x\ \x\ <M + 1}, 

^ol|x|=M+l = WO- 

From (|4.3p . one has 

£ P0 4 = -V [(A(pg) - A(po))divfig] + VP 5 + Vw?, in fijif . 
By the elliptic regularity, one has 



(4.3) 



(4.4) 



\u S o\\h^(q u ) 



< C 

< C 

< C 



WKpD - A(p )||oo||V(div^)|| 2 + ||V(A(pg) - A(p ) 
5||V 2 ^|| 2 + ||VP 5 || 2 + 
5||V 2 ^|| 2 + l". 



|divu || 2 + || VP || 2 + || y/pog\\2 



P0||l,°°(R2)||5l|2 



(4.5) 



where the generic positive constant C is independent of 5 > 0. Therefore, it follows from (|4.5p 
that 

||^||^(n M )<C (4.6) 

where the positive constant C is independent of < 8 <C 1. 

From the compatibility conditions (|1.9p . (|4.3p and (|4.4p . it holds that 



C po (u s - n ) = -V[(A(pg) - A(po))divug] + V(P a - P ) := 9 s , in M , 



(«0 ~ n o)||x|=M+l = 0. 



(4.7) 



27 



It follows from ([4TT]) , P~6j) and (@T7|) that 

^- tt oeffo(^)nff 2 (n M ), (4.1 

and 

ll«o-«oMn M ) <C||e*|| 2 

< C\\\\(p s ) - A(po)||L-(n A/ )l|V 2 ^|| 2 + ||V(A(pg) - A(A)))|U=c ( n M )||divfig|| 2 + ||V(itf - P )|| 2 
l|A(Po) - A(po)||L<»(n M ) + \MKPo) ~ Kpo))\\l^u m ) + l|V(P<? - P )\\ 2 



< C 
<C5 -»-0, 

as 5 -)• 0. It follows from ([Ojl . (g^D and ((USD tnat u o G # 2 (^ 2 ) and 



(4.9) 



n , in F 2 (R 2 ) 



and 



Po u o\ x \ a \/Po M ok| Q , in £ 2 



as <5 — )• 0. By Theorem 11.11 there exists a unique classical solution (p s ,u s ) to the compressible 
Navier-Stokes equations (jl.ip with the initial data (pq, Pq, Uq) such that c§ < p s < C for some 
positive constants eg depending on 5 and C > 0. It should be noted that the estimates obtained 
in Section 3 are independent of the lower bound of the initial density po(x) except the lower 
bound of the density p(t, x) in Lemma [3.81 Then we can pass the limit S — > to get the classical 
solution satisfying (II. 7p . It is referred to [26] for more details and the proof of Theorem 11.21 is 
finished. 



References 

[1] D. Bresch and B. Desjardins, Existence of global weak solutions for a 2D viscous shallow 
water equations and convergence to the quasi-geostrophic model, Comm. Math. Phys., 
238(1-2), 211-223 (2003). 

[2] D. Bresch, B. Desjardins, Chi-Kun Lin, On some compressible fluid models: Korteweg, 
lubrication, and shallow water systems, Comm. Partial Differential Equations, 28(3-4), 
843-868 (2003). 

[3] Q. L. Chen, C. X. Miao, Z. F. Zhang, Global well-posedness for compressible Navier- 
Stokes equations with highly oscillating initial velocity, Comm. Pure Appl. Math., 63(9), 
1173-1224, 2010. 

[4] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequality with weights, 
Compositio Mathematica, 53, 259-275 (1984). 

[5] F. Catrina, Z. Q. Wang, On the Caffarelli-Kohn-Nirenberg inequalities: Sharp constants, 
existence (and nonexistence), and symmetry of extremal functions, Comm. Pure Appl. 
Math., LIV, 229-258 (2001). 

[6] Y. Cho, H. Kim, On classical solutions of the compressible Navier-Stokes equations with 
nonnegative initial densities, Manuscript Math., 120, 91-129 (2006). 



28 



[7] M. DelPino, J. Dolbeault, Bestconstants for GagliardoCNirenberg inequalities and appli- 
cations to nonlinear diffusions, J. Math. Pures Appl, 81, 847-875 (2002). 

[8] R. Danchin, Global existence in critical spaces for compressible Navier-Stokes equations, 
Invent. Math., 141, 579-614 (2000). 

[9] B. Desjardins, Regularity of weak solutions of the compressible isentropic Navier-Stokes 
equations, Comm. PDEs, 22, 977-1008 (1997). 

[10] S. J. Ding, H. Y. Wen, C. J. Zhu, Global classical large solutions to ID compressible 
NavierCStokes equations with density-dependent viscosity and vacuum, J. Diff. Equa., 
251, 1696-1725, (2011). 

[11] E. Feireisl, Dynamics of viscous compressible fluids, Oxford University Press, Oxford, 
2004. 

[12] D. Gilbarg, N. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer, 
1998. 

[13] Z. H. Guo, Q. S. Jiu, Z. P. Xin, Spherically symmetric isentropic compressible flows with 
density-dependent viscosity coefficients, SI AM J. Math. Anal, 39(5), 1402-1427 (2008). 

[14] D. Hoff, Discontinuous solution of the Navier-Stokes equations for multi-dimensional heat- 
conducting fluids, Arch. Rat. Mech. Anal, 193, 303-354 (1997). 

[15] D. Hoff, Compressible flow in a half-space with Navier boundary conditions, J. Math. 
Fluid Mech., 7(3), 315-338 (2005). 

[16] D. Hoff, J. Smoller, Non-formation of vacuum states for compressible Navier-Stokes equa- 
tions, Comm. Math. Phys., 216(2), 255-276 (2001). 

[17] X. D. Huang, J. Li, Existence and blowup behavior of global strong solutions to the two- 
dimensional baratropic compressible Navier-Stokes system with vacuum and large initial 
data, preprint, arxiv:1205.5342. 

[18] X. D. Huang, J. Li, Global well-posedness of classical solutions to the Cauchy problem 
of two-dimesional baratropic compressible Navier-Stokes system with vacuum and large 
initial data, preprint, arxiv: 1207.3746. 

[19] X. D. Huang, J. Li, Z. P. Xin, Global well-posedness of classical solutions with large 
oscillations and vacuum to the three-dimensional isentropic compressible Navier-Stokes 
equations, Comm. Pure Appl. Math., 65 (4), 549-585, (2012). 

[20] N. Itaya, On the Cauchy problem for the system of fundamental equations describing the 
movement of compressible viscous fluids, Kodia Math. Sem. Rep., 23, 60-120 (1971). 

[21] S. Jiang, Z. P. Xin and P. Zhang, Global weak solutions to ID compressible isentropy 
Navier-Stokes with density-dependent viscosity, Methods and Applications of Analysis, 12 
(3), 239-252 (2005). 

[22] S. Jiang, P. Zhang, Global spherically symmetric solutions of the compressible isentropic 
Navier-Stokes equations, Comm. Math. Phys., 215, 559-581 (2001). 



29 



[23] Q. S. Jiu, Y. Wang, Z. P. Xin, Stability of rarefaction waves to the ID compressible Navier- 
Stokes equations with density-dependent viscosity, Comm. Part. Diff. Equ., 36, 602-634 
(2011). 

[24] Q. S. Jiu, Y. Wang, Z. P. Xin, Vaccum behaviors around the rarefaction waves 
to the ID compressible Navier-Stokes equations with density-dependent viscosity, 
http://arxiv. org/ 'abs/ '1109. 0871. 

[25] Q. S. Jiu, Y. Wang, Z. P. Xin, Global well-posedness of 2D compressible Navier-Stokes 
equations with large data and vacuum, http://arxiv.org/abs/1202.1382. 

[26] Q. S. Jiu, Y. Wang, Z. P. Xin, Global well-posedness of the Cauchy problem of 2D com- 
pressible Navier-Stokes equations in weighted spaces, http://arxiv.org/abs/1207.5874- 

[27] Q. S. Jiu, Z. P. Xin, The Cauchy problem for ID compressible flows with density-dependent 
viscosity coefficients, Kinet. Relat. Models, 1 (2), 313-330 (2008). 

[28] J. I. Kanel, A model system of equations for the one-dimensional motion of a gas (in 
Russian), Diff. Uravn., 4, 721-734 (1968). 

[29] A. V. Kazhikhov, V. V. Shelukhin, Unique global solution with respect to time of initial- 
boundary value problems for one-dimensional equations of a viscous gas, J. Appl. Math. 
Mech. 41, 273-282 (1977); translated from Prikl. Mat. Meh. 41 , 282-291 (1977). 

[30] H. L. Li, J. Li, Z. P. Xin, Vanishing of vacuum states and blow-up phenomena of the 
compressible Navier-Stokes equations, Comm. Math. Phys., 281(2), 401-444 (2008). 

[31] P. L. Lions, Mathematical Topics in Fluid Dynamics, Vol. 2, Compressible Models, Oxford 
Science Publication, Oxford, 1998. 

[32] T. P. Liu, J. Smoller, On the vacuum state for the isentropic gas dynamics equations, Adv. 
in Appl. Math., 1(4), 345-359 (1980). 

[33] T. P. Liu, Z. P. Xin, T. Yang, Vacuum states of compressible flow, Discrete Contin. Dyn. 
Syst, 4, 1-32 (1998). 

[34] Z. Luo, Local existence of classical solutions to the two-dimensional viscous compressible 
flows with vacuum, to appear at Comm. Math. Sci., 2011. 

[35] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous 
and heat-conductive gases. J. Math. Kyoto Univ., 20, 67-104 (1980). 

[36] A. Mellet and A. Vasseur, On the barotropic compressible Navier-Stokes equation, Comm. 
Partial Differential Equations, 32(3), 431-452 (2007). 

[37] J. Nash, Le probleme de Cauchy pour les equations differentielles d'un fluide general, Bull. 
Soc. Math. France, 90, 487-497 (1962). 

[38] M. Perepelitsa, On the global existence of weak solutions for the Navier-Stokes equations 
of compressible fluid flows. SI AM J. Math. Anal, 38 (4), 1126C1153 (2006). 

[39] O. Rozanova, Blow up of smooth solutions to the compressible Navier-Stokes equations 
with the data highly decreasing at infinity, J. Differ. Eqs., 245, 1762-1774 (2008). 



30 



[40] A. Tani, On the first initial-boundary value problem of compressible viscous fluid motion, 
Publ. Res. Inst. Math. Sci. Kytt Univ. , 13, 193-253 (1971). 

[41] V. A. Vaigant, A. V. Kazhikhov, On the existence of global solutions of two-dimensional 
Navier-Stokes equations of a compressible viscous fluid. (Russian) Sibirsk. Mat. Zh., 36 
(1995), no. 6, 1283-1316, ii; translation in Siberian Math. J., 36, no. 6, 1108-1141 (1995). 

[42] V. A. Solonnikov, On solvability of an initial-boundary value problem for the equations 
motion of a viscous compressible fluid, LOMI, 56 (1976), 128-142. 

[43] Z. P. Xin, Blow-up of smooth solution to the compressible Navier-Stokes equations with 
compact density, Comm. Pure Appl. Math., 51, 229-240 (1998). 

[44] Z. P. Xin, W. Yan, On blowup of classical solutions to the compressible Navier-Stokes 
equations, preprint, arxiv: 1204.3169. 

[45] T. Yang, Z. A. Yao, C. J. Zhu, Compressible Navier-Stokes equations with density- 
dependent viscosity and vacuum, Comm. Partial Differential Equations, 26 (5-6), 965-981 
(2001). 

[46] T. Yang, C. J. Zhu, Compressible Navier-Stokes equations with degenerate viscosity coef- 
ficient and vacuum, Comm. Math. Phys., 230 (2), 329-363 (2002). 

[47] T. Zhang, D. Y. Fang, Compressible flows with a density-dependent viscosity coefficient. 
SI AM J. Math. Anal, 41, no. 6, 2453-2488 (2009/10). 



